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With the advancement in synthesizing and analyzing Kitaev materials, the Kitaev-Heisenberg
model on the honeycomb lattice has attracted a lot of attention in the last few years. Several
variations, which include additional anisotropic interactions as well as response to external mag-
netic field, have been investigated and many exotic ordered phases have been discussed. On the
other hand, quantum spin systems are proving to be a fertile ground to realize and study bosonic
analogues of fermionic topological states of matter. Using the spin-wave theory we show that the
ferromagnetic phase of the extended Kitaev-Heisenberg model hosts topological excitations. Along
the zig-zag edge of the honeycomb lattice we find chiral edge states, which are protected by a non-
zero Chern number topological invariant. We discuss two different scenarios for the direction of the
spin polarization namely [001] and [111], which are motivated by possible directions of applied field.
Dynamic structure factor, accessible in scattering experiments, is shown to exhibit signatures of
these topological edge excitations. Furthermore, we show that in case of spin polarization in [001]
direction, a topological phase transition occurs once the Kitaev couplings are made anisotropic.
Introduction.– Topological properties of electronic en-
ergy bands in solid-state systems has ushered in a new
paradigm of Physics [1, 2]. Several exotic states of matter
have been able to be identified with the help of this new
tool. Over the last decade these have been systematically
classified using symmetry principles [3, 4]. Fermionic
topological states of matter have a distinct ground state
as compared to their trivial counterpart. There are local-
ized edge states in these systems and much efforts have
been invested in detecting these signatures.
However, topological properties need not be restricted
to ground state. Energy bands in an excitation spec-
trum can also possess non-trivial topology and thus lead
to topologically non-trivial excitations. This situation is
particularly interesting because a ground state property
can not distinguish a system with or without these topo-
logical excitations. It is therefore an interesting avenue
also for experiments to develop new ways to detect these
exotic topological systems.
There have been several examples of bosonic systems
hosting topological excitations [5–10]. Of particular in-
terest are quantum spin systems because most of them
host bosonic quasiparticle excitations. There have been
some proposals already wherein the magnetically ordered
phases [11–17] as well as quantum paramagnetic phase
[18] host topological edge excitations.
Frustrated magnets [19, 20] are a rich playground for
exotic states of matter. One of the examples of intense
recent research is the Kitaev model [21], which is ex-
actly solvable and hosts a Z2 quantum spin liquid. While
there is no established example of a material having only
Kitaev model, there are some candidate materials, like
Na2IrO3 and α−RuCl3,whose ordered phases indicate
presence of Kitaev interaction along with the Heisenberg
exchange [22–24]. This has led to the study of the Kitaev-
Heisenberg model [25, 26], which is a subject of intense
research in the last few years (see for instance, Refs. [27–
34] ) .
The Kitaev-Heisenberg model with additional symme-
try allowed spin-anisotropic terms has also been proposed
[28, 29] to understand the experimental data of several
candidate materials hosting a Kitaev interaction. While
it is difficult to choose a particular model with given in-
teractions to explain the experiments, it has been sug-
gested that application of an external field provides a
good handle to restrict the choices [30, 31].
Given the rich Physics arising in the Kitaev-Heisenberg
model, it is an important question to ask whether the
possible ordered phases could host topological excita-
tions. Especially with the vicinity of the Kitaev spin
liquid, this question becomes highly relevant. In this
work we answer this question positively by showing that
the ferromagnetic phase of the Kitaev-Heisenberg model
on a honeycomb lattice hosts bosonic topological exci-
tations in presence of a spin anisotropic interaction. In
particular, we show that it has topologically protected
chiral edge states and a topological phase transition can
be tuned by applying an external magnetic field or mak-
ing the Kitaev couplings anisotropic.
Model.– We consider the extended Kitaev-Heisenberg
model, i.e., symmetry allowed spin-anisotropic interac-
tion in addition to the Kitaev and Heisenberg exchange
terms [25, 27–29] on a honeycomb lattice (see Fig. 1).
An external magnetic field is also considered. The corre-
sponding Hamiltonian is written as follows:
H = J
∑
〈ij〉
~Si · ~Sj + 2
∑
〈ij〉γ
KγSγi S
γ
j
+
∑
〈ij〉γ
Γγ
[
Sαi S
β
j + S
β
i S
α
j
]
− ~h ·
∑
i
~Si , (1)
where the first term is the nearest-neighbor Heisenberg
exchange, the second term is the bond-dependent Kitaev
interaction, the third term is the bond-dependent spin-
anisotropic interaction, and the last term is the coupling
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FIG. 1. Extended Kitaev-Heisenberg model on the honey-
comb lattice. The black dots are spins with S = 1/2 at the
honeycomb lattice sites. Each nearest neighbor spin interacts
via the Heisenberg exchange. The colors on the bonds rep-
resent the bond-dependent Kitaev interaction; { blue, green,
red } → {Kx,Ky,Kz}. In addition, we also consider the
spin-anisotropic exchange as discussed in the text. The up-
per and the lower edge (running along the x−direction) is the
so called zig-zag edge.
to external magnetic field. If one parametrizes J = cosφ
and K = sinφ (Kγ = K) then it is known that for Γ =
~h = 0 a ferromagnetic phase exists in the region 0.85pi <
φ < 3pi/2 [30]. This phase survives even in the presence
of small Γ interaction. We shall be primarily interested
in this phase.
Spin-wave theory.– The elementary excitations of the
ferromagnetic phase are spin waves, with the correspond-
ing quasiparticle called as magnons. These are best stud-
ied within the spin-wave theory by representing the spin
operators in terms of auxiliary bosons via the Holstein-
Primakoff transformation [35]: Sz = S − b†b, S+ =√
2S − b†bb, S− = b†√2S − b†b; b† being the boson cre-
ation operator. Here 1/S, where S is the spin magnitude,
is used as a systematic expansion parameter and the re-
sulting spin-wave Hamiltonian contains terms arranged
in powers of 1/S [36]. We shall restrict ourselves to the
linear spin-wave theory wherein we consider only bilinear
terms in the bosonic Hamiltonian. Such an approxima-
tion is controlled and is known to work remarkably well
in predicting the correct Physics [37]. Upon inserting the
above Holstein-Primakoff transformation into the Hamil-
tonian in Eq. 1 and after subsequent Fourier transfor-
mation, we obtain the following linear spin-wave theory
Hamiltonian:
H2~k =
S
2
∑
~k
Ψ†~kMkΨ~k , (2)
where Ψ~k =
(
bA,~k, bB,~k, b
†
A,−~k, b
†
B,−~k
)T
with b†A,B being
the magnon creation operator on sublattice A (B). The
matrix M~k is of the form,
M~k =
(
A~k B~k
B†~k A
T
−~k
)
, (3)
where A~k and B~k are momentum-dependent functions
of coupling constants in Eq. 1. Note that unlike the
fermionic case, the eigenenergies and eigenmodes in this
case are obtained by diagonalizing the non-Hermitian
matrix ΣM~k, where Σ =diag(1, 1,−1,−1).
In what follows, we shall distinguish two cases moti-
vated by possible directions of external field: (i) spins
pointing in [001] direction; (ii) spins pointing in [111] di-
rection. It turns out that the magnon spectrum in the
two cases is qualitatively different. Note that in the ab-
sence of the Γ term and no external field, the two cases
are degenerate at the classical level. However, they have
different zero point energy coming from the quantum cor-
rection. The harmonic level correction prefers [001] spin
polarization as opposed to spin polarization in the [111]
direction.
(i) Spin polarization in [001] direction.– In this case,
A~k =
(
κ0 κ1,~k
κ∗
1,~k
κ0
)
; B~k =
(
0 κ2,~k
κ2,−~k 0
)
, (4)
where
κ0 = −3J − 2K + ~h/S , (5)
κ1,~k = J + (J +K)
(
e−ι~k1 + e−ι~k2
)
, (6)
κ2,~k = ιΓ
z +K
(
e−ι~k1 − e−ι~k2
)
, (7)
and ~k1,2 = ~k · ~a1,2 with ~a1,2 = a{±1/2,
√
3/2} (a is the
lattice distance between two nearest neighbor A sub-
lattice sites, and we shall set a = 1). Owing to the
two-sublattice structure of the honeycomb lattice, there
are two magnon bands. In the absence of both the Γ
term and the external magnetic field, these two magnon
bands touch each other linearly at the corners of the
Brillioun zone. Also, along the zig-zag edge there are
non-dispersive edge states connecting these band touch-
ing points. The situation is similar to that of graphene,
except these are bosons and the band touching is at non-
zero energy. Note that the spectrum has Goldstone mode
(see fig. 2 (a)).
Introduction of an external field in the [001] direction
leads to shifting of the spectrum at higher energy creat-
ing a non-zero gap and thus the Goldstone mode is lost.
However, a non-zero field in [001] direction does not affect
the magnon band touching points (fig. 2 (b)). Situation
becomes interesting upon introducing a spin-anisotropic
interaction along the z-bond, i.e. Γx = Γy = 0 and
Γz 6= 0. In this case a gap opens between the magnon
bands. Remarkably, this gap opening results in disper-
sive edge states crossing linearly at the band-gap center
(see fig. 2 (c) and (d) ). This is analogous to the chi-
ral edge states in the quantum Hall effect. Even in this
case, the edge states are protected by a non-zero Chern
number topological invariant. In fig. 3 we show Berry
curvature corresponding to fig. 2 (c). Integrating over
the first Brillioun zone we obtain the Chern number ∓1
for the two magnon bands [38].
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FIG. 2. Magnon bands along the zig-zag edge for spin polar-
ization in [001] direction. (a) h = Γ = 0; (b) h = 0.5, Γ = 0;
(c) h = 0.5, Γz = 0.5; (d) h = 0.5, Γz = 0.7. In all the plots
φ = 5pi/4.
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FIG. 3. Berry curvature for the magnon bands corresponding
to fig. 2 (c). This leads to Chern number ∓1 respectively.
It is important to note that in the absence of an exter-
nal magnetic field, a non-zero Γ term does not support
spin polarization along the [001] direction. We find that
upon increasing the field strength in the [001] direction,
the gap between the magnon bands reduces and eventu-
ally these bands touch each other at high fields.
On the other hand, increasing the Kitaev interaction
towards the Kitaev point leads to flattening of the lower
magnon band. Eventually, as φ → 3pi/2 the lower
magnon band condenses in extended regions of the Bril-
lioun zone indicating no preferential ordering tendency
(see fig. 4). This is consistent with the expected Kitaev
spin liquid across the phase transition.
Note that a non-zero Γx and/or Γy does not support
ferromagnetic alignment in [001] direction. Also, for Γz =
0 an external field in [001] direction does not open a gap
between the magnon bands.
Apart from the external field, there is another route
to tune a topological phase transition. Starting from
the case with isotropic Kitaev coupling if we make Kx,y
anisotropic then the band touching points move closer
and at a critical value merge and open a band gap. If
there are chiral edge states to start with, then upon tun-
ing Kx these vanish as the band gap closes and reopens
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FIG. 4. Magnon bands along the zig-zag edge for spin po-
larization in [001] direction. (a) φ = pi; (b) φ = 3pi/2. In
all the plots h = Γz = 0.5. There are no chiral edge states
for φ = pi, which is Heisenberg point. At Kitaev point, the
band-touching points merge and so no edge states.
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FIG. 5. Magnon bands along the zig-zag edge for spin polar-
ization in [001] direction. (a) Kx = 0.8K; (b) Kx = 0.2K.
In all the plots h = Γz = 0.5 and φ = 4pi/3. Tuning of Kx
leads to magnon band gap closing and reopening, which is
accompanied with disappearance of the chiral edge states.
(see fig. 5). In real experiments this can be achieved via
tuning pressure along the zig-zag edge.
(ii) Spin polarization in [111] direction.– After suitable
rotation in the spin space, we again have
A~k =
(
κ0 κ1,~k
κ∗
1,~k
κ0
)
; B~k =
(
0 κ2,~k
κ2,−~k 0
)
, (8)
where
κ0 = −3J − 2K − 2Γ + ~h/S , (9)
κ1,~k =
(
J +
2K
3
− Γ
3
)(
1 + e−ι~k1 + e−ι~k2
)
, (10)
κ2,~k =
(
2K
3
+
2Γ
3
)(
1 + e−ι(~k1+2pi/3) + e−ι(~k2−2pi/3)
)
.
(11)
For the spin polarization along the [111] direction in the
absence of field and Γ term, there is Goldstone mode as
well as magnon band gap along with chiral edge states
(see Fig. 6 (a)). However, as stated before, the [111]
spin polarization is not favored by the harmonic level
zero-point energy for ~h = Γ = 0. Thus we do not discuss
this case. Note that anisotropic Γ terms do not support
[111] spin polarization. For any Γx = Γy = Γz 6= 0 in
the absence of external field, there is magnon band gap
along with chiral edge states along the zig-zag edge of
the honeycomb lattice (see Fig. 6 (b)).
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FIG. 6. Magnon bands along the zig-zag edge for spin polar-
ization in [111] direction. (a) h = Γ = 0; (b) h = 0, Γ = −0.5;
(c) h = 0.5, Γ = 0; (d) h = 0.5, Γ = −0.5. In all the plots
φ = 5pi/4.
Upon adding an external magnetic field in the [111]
direction the gap between the magnon bands again closes
at high fields. However, what is interesting to note here is
that even in the absence of the Γ term, the external field
alone is sufficient to open a gap between the magnon
bands and produce chiral edge states along the zig-zag
edge (see fig. 6 (c)).
The chiral edge states discussed here are again topo-
logically protected via a non-zero Chern number. In fig.
7, we show Berry curvature corresponding to Fig. 6 (b),
which gives Chern number ±1 for the two magnon bands.
Upon increasing the Kitaev term so that we approach
the ferromagnetic Kitaev point, the lower magnon band
flattens and approaches zero energy. At the phase tran-
sition we have condensation of magnons in extended re-
gions in the Brillioun zone suggesting no particular or-
dering tendency as a pre-cursor to the Kitaev spin liquid.
Note that in this case it is not clear whether the ferro-
magnetic phase with [111] spin polarization is stable in
case of anisotropic Kitaev couplings. Hence this route to
tune a topological phase transition, unlike in case (i), is
absent here.
Another interesting feature is that even at φ = pi, i.e.
the Heisenberg point, a small Γ term in presence of field
opens the magnon band gap to give chiral edge states.
Without the Γ term, the magnon bands touch each other
even in presence of finite field. This is different from the
case (i), wherein even finite Γ and finite field do not open
the magnon band gap at the Heisenberg point. In case
(i), the Kitaev interaction is essential to realize chiral
edge states.
Conclusions.– In this work we have shown that there
are topologically non-trivial excitations in the ferromag-
netic phase of the extended Kitaev-Heisenberg model.
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FIG. 7. Berry curvature for the magnon bands corresponding
to Fig. 6 (b). This leads to Chern number ±1 respectively.
We have discussed two cases depending on the direction
of the spin polarization and shown that both the cases
host bosonic topological excitations at the edges. It is
clear that the spin-anisotropic interaction is responsible
to open a gap between the magnon bands. While in the
absence of Γ term a gap opening is possible by apply-
ing an external field in [111] direction, a field in [001]
direction alone is not sufficient in gap opening. Most im-
portantly, there are chiral edge states upon opening the
magnon band gap in both the cases. These edge states
are topologically protected by a non-zero Chern number.
Although our analysis is based on linear spin-wave the-
ory, magnon interactions are not expected to alter the
discussed Physics given the fact that there is a systematic
expansion parameter (1/S). Interactions will renormal-
ize the magnon dispersion, mostly likely to flatten the
magnon bands as in most frustrated systems. However,
the magnon band gap is not expected to close.
In principle, neutron scattering experiments can detect
these topological edge excitations. The dynamic struc-
ture factor shows signatures of these edge states [38], as
shown in fig. 8. However, it is important to keep in mind
that interaction induced decay is possible [39] and that
the edge states are susceptible to it [40]. In particular,
due to the presence of cubic terms in the Hamiltonian in
case (ii) a two-particle decay is possible when the spin
polarization is in the [111] direction. This means that
spectroscopic experiments might not be the best probe to
study these topological excitations. Although, we must
point out that at higher fields due to phase-space con-
straints, the interaction-induced decay may be restricted.
(a) (b)
FIG. 8. Dynamic structure factor at ky = 0 corresponding to
(a) Fig. 2 (c) and (b) Fig. 6 (b). The edge states along the
zig-zag edge can be seen around kx = pi along with the bulk
magnon bands.
5A promising technique to detect topological excitations
in quantum magnets seems to be spin-Hall noise spec-
troscopy, which is based on inverse spin-Hall effect. Since
it depends directly on the edge-spin correlations only, the
signal from the edge states is significantly enhanced as
opposed to the bulk magnons [41]. Moreover, thermal
transport [42] and spin current [43] are viable detection
techniques.
Our work opens a whole new set of interesting theoreti-
cal questions. In particular, it is important to investigate
whether other ordered phases in the Kitaev-Heisenberg
model also host topological excitations. We plan to ad-
dress this question in future work. This also means that
it is worth putting experimental efforts in detecting topo-
logical excitations in candidate Kitaev materials.
Note.– During the final stages of this work Ref. [44]
appeared, which studies topological excitations at high
magnetic fields in [111] direction, both analytically and
numerically. Our findings of case (ii) in presence of a
[111] field are consistent with those in Ref. [44].
I acknowledge discussion with Andreas Schnyder and
Matthias Vojta. I thank Andreas Schnyder for reading
the manuscript.
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DYNAMIC STRUCTURE FACTOR
Neutron scattering experiments can access the dy-
namic structure factor. Here we shall calculate it for
the extended Kitaev-Heisenberg model (Eq. (1) in main
text) on the honeycomb lattice with open boundaries to
see the signature of the Chiral edge states along the zig-
zag edge. Since the crystal momentum in y−direction
is not a good quantum number anymore, we calculate
the ky = 0 contribution in a scattering experiment. The
dynamic structure factor,
S(~k, ω) =
1
N
∑
i,j
Sije
~k·~rij , (S1)
where Sij = −=χij , with χ being the spin correlation
function and = stands for the imaginary part. We shall
focus on the ky = 0 contribution with kx momentum
dependence still present. Recall that we have to per-
form a bosonic Bogoliubov transformation, i.e. diagonal-
ize a non-Hermitian matrix, in order to obtain the eigen
modes. As a result, the original magnon operators b are
represented in terms of the Bogoliubov quasiparticle op-
erators β as follows:
bA,i =
N∑
m=1
[
ui,mβA,m + ui,m+NβB,m
+ vi,mβ
†
A,m + vi,m+Nβ
†
B,m
]
, (S2)
bB,i =
N∑
m=1
[
ui+N,mβA,m + ui+N,m+NβB,m
+ vi+N,mβ
†
A,m + vi+N,m+Nβ
†
B,m
]
. (S3)
Here the index i on the LHS is used to denote each differ-
ent zig-zag stripe along the y−direction with kx momen-
tum dependence implicitly present. We consider N such
stripes with open boundary condition and hence there are
2N modes. Also, ui,j and vi,j are matrix elements of the
2N × 2N Bologliubov transformation matrices U and V
respectively. In terms of these matrices, the Hamiltonian
is diagonalized in the following way:
Ω = T †HT , (S4)
where Ω is the diagonal matrix with eigenmodes of the
Hamiltonian matrix H. The 4N × 4N matrix,
T =
(
U V
V ∗ U∗
)
, (S5)
such that it satisfies the condition, T †ΣT = TΣT † =
Σ. Σ =diag(1,1,−1,−1) where 1 is 2N × 2N identity
matrix.
After performing the Bogoliubov transformation and a
few steps of algebra, we obtain,
Sij =
N∑
m=1
{
δ(ω − ωA,m)
×
[
ui,mu
∗
j,m + v
∗
i,mvj,m + ui+N,mu
∗
j+N,m + v
∗
i+N,mvj+N,m
+ ui,mu
∗
j+N,m + v
∗
i,mvj+N,m + ui+N,mu
∗
j,m + v
∗
i+N,mvj,m
]
+ δ(ω − ωB,m)
×
[
ui,m+Nu
∗
j,m+N + v
∗
i,m+Nvj,m+N + ui+N,m+Nu
∗
j+N,m+N
+ v∗i+N,m+Nvj+N,m+N + ui,m+Nu
∗
j+N,m+N + v
∗
i,m+Nvj+N,m+N
+ ui+N,m+Nu
∗
j,m+N + v
∗
i+N,m+Nvj,m+N
]}
. (S6)
Inserting this into Eq. S1 we obtain the dynamic struc-
ture factor. This is shown in Fig. S1 as well as in Fig. 8
in the main text. Note that we have added a Lorentzian
broadening λ = 10−3 to the above delta functions while
plotting.
As seen in Fig. S1 (a)–(b), the dynamic structure fac-
tor clearly shows spectral weight around kx = pi for the
chiral edge states with linear dispersion. In contrast, in
Fig. S1 (c) we see that the chiral edge states are ab-
sent and only flat non-dispersing edge states are present.
These signatures are absent in Fig. S1 (d), where there
are no edge states. In real neutron scattering exper-
iments, however, there will be several effects such as
interaction-induced decay as well as thermal broadening
which might diminish the signal of edge states compared
to the bulk. However, spin-Hall noise spectroscopy, which
depends only on the edge-spin correlation is likely to have
significant contribution from the edges compared to the
bulk.
BERRY CURVATURE AND CHERN NUMBER
In order to establish the topological nature of the edge
excitations, we shall calculate the Berry curvature and
consequently show that it leads to a non-zero Chern
number in case of chiral edge states. While there is a
straightforward formula to calculate the Chern number
2(a) (b)
(c) (d)
FIG. S1. Dynamic structure factor for different parameters
and spin polarization, with zig-zag edge. (a) Chiral edge
states; spin polarization in [001] direction, with ~h = 0.5,
Γz = 0.7, and φ = 5pi/4. (b) Chiral edge states; spin polar-
ization in [111] direction, with ~h = 0.5, Γ = 0, and φ = 5pi/4.
(c) Flat edge states; spin polarization in [001] direction, with
~h = 0, Γ = 0, and φ = 5pi/4. (d) No edge states; spin polar-
ization in [001] direction, with ~h = 0.5, Γz = 0.5, Kx = 0.2K
and φ = 4pi/3.
for tight-binding Dirac Hamiltonians, presence of anoma-
lous terms in our case complicates the situation.
The Chern number for a Bloch band with normalized
wavefunction |n(~k)〉 is given by [S1–S3],
Cn = 1
2piι
∫
BZ
d~kF12(~k) , (S7)
where F12(~k) is the Berry curvature defined in terms of
the Berry connection, Aµ(~k) = 〈n(~k)|∂µ|n(~k)〉, as follows:
F12(~k) = ∂1A2(~k)− ∂2A1(~k) , (S8)
where ∂µ is the partial derivative with respect to the
µ−component (µ = 1, 2) of the momentum vector. The
above formula is useful in continuum but not very effi-
cient to implement on a discrete lattice. We therefore use
the discrete version to calculate the Berry curvature and
the Chern number, as detailed in Ref. [S4].
The lattice Berry curvature is defined as follows [S4]:
F12(kµ) ≡ lnW1(kµ)W2(kµ + 1ˆ)W−11 (kµ + 2ˆ)W−12 (kµ)
(S9)
such that −ιpi < F12(kµ) < ιpi, with 1ˆ ≡ kˆx and 2ˆ ≡ kˆy.
The link variable W is defined as follows:
Wν(kµ) ≡ Φν(kµ)|Φν(kµ)| , (S10)
where Φν(kµ) = 〈φ(kµ)|Σ|φ(kµ + νˆ)〉, and φ = (UV ∗)T
is the eigenmode corresponding to eigenenergy ωn. Note
that since the bosonic eigenmodes obtained after the Bo-
goliubov transformation are normalized with respect to
the Σ matrix we have the modified expression for Φ, else
for normalized wavefunctions it simply involves usual in-
ner product. Once we calculate the Berry curvature it is
then straightforward to obtain the lattice Chern number,
C = 1
2piι
∑
µ
F12(kµ) . (S11)
We have used the above expressions to plot the Berry
curvature in Fig. 3 and Fig. 7 in the main text. In Fig.
S2 we plot Berry curvature for some more parameters.
For instance, in Fig. S2 (a) we see that the neighbor-
ing pairs of magnon band touching points have opposite
Berry curvature. Thus the Chern number is zero, but
there is flat edge state connecting these points with op-
posite Berry curvature (see also Fig. 2 (b) in the main
text). Whereas, in Fig. S2 (b) we see that the Berry
curvature of both the bands is non-zero and that the
magnon band touching points are moving close to each
other. This non-zero Berry curvature then leads to a non-
zero Chern number and consequently chiral edge states
(see also Fig. 5 (a) in the main text). Similar scenario is
seen in Fig. S2 (c).
Integrating the Berry curvature gives us the Chern
number. Note that in order to implement the proce-
dure in Ref. [S4] it is required to use a square Bril-
lioun zone such that the discretization involves mesh with
square building blocks. This is easily achieved by con-
sidering a rectangular Brillioun zone and then appropri-
ately scaling one of the sides. In our case we consid-
ered a grid of 100 × 100 points for −2pi ≤ kx ≤ 2pi and
−4pi/√3 ≤ ky ≤ 4pi/
√
3. We then scale the ky mo-
mentum by 2pi/
√
3 to obtain a square mesh. We have
checked our results for different grid sizes and it is unaf-
fected within numerical accuracy.
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FIG. S2. Berry curvature for the two magnon bands. (a) Spin
polarization in [001] direction; ~h = 0.5, Γ = 0, and φ = 5pi/4.
(b) Spin polarization in [001] direction; ~h = Γz = 0.5, Kx =
0.8, and φ = 4pi/3. (c) Spin polarization in [111] direction;
~h = 0.5, Γ = −0.5, and φ = 5pi/4.
